We introduce and analyze a class of estimators for distribution parameters based on the relationship between the distribution function and the empirical distribution function. This class includes the nonlinear least squares estimator and the weighted nonlinear least squares estimator which has been used in parameter estimation for lifetime data (see e.g. [6, 8] ) as well as the generalized nonlinear least squares estimator proposed in [3] . Sufficient conditions for consistency and asymptotic normality are given. Capability and limitations are illustrated by simulations.
Introduction
There is a huge number of methods which could be used for parameter estimation in the statistical model that describes trials of a random variable with the distribution unknown up to the parameter value. The right choice significantly depends on the distribution type as well as on the possible dependence between trials. If we focus on the specific distribution that is of interest for applications, a detailed investigation and comparison of different estimation methods are always welcome. For instance, such studies have been done for Weibull, generalized
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Pareto, generalized Rayleigh, shifted Gompertz and many other distributions (see e.g. [1, 5, 8, 11, 14, 16, 18] ). Here we introduce and analyze a class of estimators for distribution parameters based on the relationship between the distribution function and the empirical distribution function. We suggest to take this class into consideration while searching for the most appropriate estimator in the specified conditions and distribution type.
We primarily focus on the basic statistical model where a random sample (X 1 , . . . , X n ) comes from independent trials of the random variable X with the distribution function F (x; θ) and θ ∈ Θ ⊆ R p the unknown parameter, but generalization that allows a different dependence structure has also been discussed.
The class of estimators we introduce here includes the nonlinear least squares estimator and the weighted nonlinear least squares estimator which are used in parameter estimation (see e.g. [6, 8] ) for lifetime data as well as the generalized nonlinear least squares estimator proposed in [3] .
We have proved sufficient conditions for consistency and asymptotic normality for estimators which belong to the described class. Efficiency is also discussed. Quality that can be obtained with these estimators is illustrated by simulations. The nonlinear regression theory was the motivation to introduce these estimators, but it is not used in the proof of week consistency and asymptotic normality. For this we use the generalized method of moments (GMM). Namely, this method and properties of the distribution function allow us to assure consistency even without compactness of the parameter space.
Our presentation is organized as follows. In Section 2, the nonlinear regression framework is explained, which has been the motivation for the introduced class of estimators. Based on the GMM theory sufficient conditions for weak consistency are discussed in Section 3, while asymptotic normality and efficiency are presented in Section 4. It is important to point out that we do not need the assumption of marginal independence for the random sample in these considerations. In Section 5, we apply the presented theory to the independent and identically distributed (IID) random sample. Section 6 gives results of numerical experiments which illustrate capability of the proposed estimator class in the IID case as well as problems we sometimes face with these estimators. Results of an application to the real data set are given in Section 7. We conclude with some general remarks in Section 8.
Nonlinear generalized least squares framework
Let x = (x 1 , . . . , x n ) τ be a sample of n observations on a continuous random variable X with a distribution function F (·; θ). By θ and Θ we denote an unknown finite-dimensional parameter to be estimated from the sample and the parame-ter space, respectively. Throughout this section,F denotes a sample empirical distribution function, i.e.,F
The idea presented in [6] is to fit the distribution function F (·; θ) to the data (F n (x 1 ), . . . ,F n (x n )) by the least squares method (LS), meaning to compute the parameter valueθ which minimizes the function
To discuss possible statistical reasons for choosing this estimator we consider the following nonlinear regression model for univariate responsesF (
ε i , i ∈ {1, . . . , n} represent errors. At this moment, let us recall the empirical distribution function as a statistic. If we choose x ∈ R and an IID random sample (X 1 , . . . , X n ) from the distribution F (·; θ), we know that the statistic
has an asymptotically normal distribution with mean F (x; θ) 1 . This is the reason why we can rely on the fact that the errors have zero mean and a normal distribution for large n in the posted nonlinear regression model. This could be a classical case of nonlinear regression if the residuals were uncorrelated and homoscedastic, but they are not. It is well-known in nonlinear regression theory with correlated errors that the covariance matrix of (ε 1 , . . . , ε n ), let us denote it by Σ, should be taken into account ( [15] ), so parameters are estimated by minimizing the function
Here, x stands for (x 1 , . . . , x n ) τ . For the real function f , f (x) stands for (f (x 1 ), . . . , f (x n )) τ . This method is called the generalized least squares method (GLS). Let us mention that both functions S LS and S GLS can be shown in the same form when using the appropriate n × n symmetric positive definite matrix A.
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So, if we denote
then A is equal to the identity matrix I for the least square method and for the generalized least square method A = Σ −1 .
In this paper, we analyze properties of the estimator obtained by minimizing the function S A , where A is a symmetric positive definite matrix. If the matrix A is applied, we will denote the estimator byθ A .
Simulation results presented in [3] show that minimization of S GLS = S Σ −1 is able to produce an estimator with good statistical properties, especially for relatively large or large data sets. By simulating IID samples from the Weibull distribution it is shown that this estimator is comparable to the maximum likelihood estimator by means of comparing the corresponding root mean square errors (RMSE).
Although the idea for the application of the least squares principle presented here comes from nonlinear regression theory, theoretical properties of the estimator cannot be taken automatically. Here we face a two-stage procedure. The first step is to compute empirical distribution from the data, i.e., to apply a nonparametric estimation method to estimate the distribution function. It is obvious that properties of the estimator applied in the first step influence properties of the unknown parameter estimator at the end. In the following sections we discuss statistical properties of the estimatorθ A using the generalized method of moments (GMM) with appropriate moment condition.
Weak consistency
Let us assume that x = (x 1 , . . . , x n ) τ denotes the data coming from the random sample X = (X 1 , . . . , X n ) with identically distributed (not necessarily independent) univariate margins. Following the notification introduced in the previous section, we suppose that F (·; θ 0 ) stands for the true common distribution function of univariate margins, which means that θ 0 is the true value of the unknown parameter θ ∈ Θ. Throughout this and the following sections we use the notation F n (x) for the empirical distribution function.
To formulate the problem in a GMM setting (see e.g. [7] ) let us choose k ∈ N arbitrary real numbers u 1 < u 2 < . . . < u k , u = (u 1 . . . , u k ) τ , satisfying
Based on these numbers we define the function f :
which will be used to set k moment conditions. Namely, it holds 2 Ef (X t , θ 0 ) = 0, ∀t = 1, . . . , n.
By denoting f n (θ) the corresponding sample moments:
we are able to present the estimatorθ A from the previous section as a GMM estimator. Namely, it holds that
If we choose a positive definite matrix A, we define a GMM estimator for θ:
The estimatorθ A from the previous section can be presented in this way if we choose k = n and the ordered data set (x (1) , . . . , x (n) ) for u. In order to do this, the data x have to satisfy the condition
(which is not restrictive for absolutely continuous random variables). Thus,θ A = θ A (x (1) , . . . , x (n) ), meaning that the estimator
can be presented in the form of a GMM estimator.
In the presented setting we have the GMM estimator for any selection of k ∈ N and u 1 , . . . , u k ∈ R satisfying condition (1). To ensure the base for identifiability of the parameter we must define a unique strategy of choosing u. So, we have room to select appropriate k numbers u 1 , . . . , u k to get desired estimator properties. This will be discussed in the sequel.
The results presented in [7] applied to the described model guarantee consistency of the GMM estimator if the following conditions are fulfilled: C1) g(θ) = Ef (X t , θ) exists and it is finite for all θ ∈ Θ, t = 1, . . . , n.
C2) There exists a θ 0 ∈ Θ such that g(θ) = 0 if and only if θ = θ 0 .
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Assumption C3 is true if the random vector X satisfies conditions which guarantee that the empirical distribution function converges in probability to the true distribution function.
To satisfy condition C2 we must be careful with the selection of u. A reasonable way of choosing u is to use the data set. We use the maximal subset of x 1 , . . . , x n such that assumptions (1) and C2 hold (if there is such a subset).
Assumption (1) is not restrictive for absolutely continuous distributions so that in almost all cases the whole data set can be used. Assumption C2 stated in terms of our moment condition means that
If there are no distribution functions from the desired class, x → F (x; θ 1 ) and x → F (x; θ 2 ) with intersections in all u 1 , . . . , u k for θ 1 = θ 2 , this assumption will be fulfilled. Thus, for k large enough and absolutely continuous distributions this assumption is also not too restrictive.
It is well-known from the theory of GMM estimators that the sequence of stochastic positive definite weighting matrices A n can be used instead of the deterministic weighting matrix A. To guarantee consistency in this case, it is enough to ensure that C4) there exists a non-random sequence of positive definite matricesĀ n such
In the sequel, we use this property to discuss asymptotic efficiency as well as to choose the best estimator from the class in this sense.
Asymptotic efficiency
Assumptions in addition to those referring to consistency are needed to discuss asymptotic efficiency. We will use the assumptions presented in [7] .
Properties of the generalized nonlinear least squares ...
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E1) f (X t , θ) is continuously differentiable with respect to θ on Θ.
E2) For any sequence
Here
∂θ τ andḠ n is a sequence of matrices that do not depend on θ.
E3) f (X t , θ 0 ) satisfies a central limit theorem, so that
whereV n is a sequence of k×k non-random positive definite matrices defined asV
Under assumptions C1-C4 and E1-E3 the estimatorθ An (u 1 , . . . , u k ) is asymptotically normal and the asymptotic covariance matrix for a given sequence of weighting matrices A n is
This result enable us to choose the weighting matrix to minimize the asymptotic covariance matrix. It is well-known that the difference
is positive semi-definite for allĀ n . This suggests that, concerning efficiency, an inverse of the consistent estimator forV n should be used as the weighting matrix (if it exists).
Independent and identically distributed random sample
Let us assume that X = (X 1 , . . . , X n ) is an IID random sample. In this case, properties of the empirical distribution function guarantee that assumptions C3 and E3 are fulfilled. Also, matrix sequencesĀ n ,Ḡ n from assumptions C4 and E2 can be treated as constant matrices and the matrix V arf n (θ 0 ) can be derived explicitly by using the true distribution function. Let us summarize the estimation procedure that ensures the consistent estimator and the way of choosing the weighting matrix to achieve the most efficient estimator for an IID sample within the described class of estimators.
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To ensure consistency, it is enough to choose numbers u 1 , . . . , u k satisfying condition (1) and assumption C2. If the unknown distribution function is absolutely continuous and the data set large enough, it can be mainly done by choosing all different values from the data set. If the function θ → F (x; θ) is continuously differentiable on Θ, for all x ∈ R, then assumption E1 is satisfied. Also, continuity of the derivative in this case ensures that whenever we have a sequence θ ⋆ n converging to θ 0 in probability,
meaning that assumption E2 is also satisfied. Thus, to achieve asymptotic normality of the estimatorθ A (u 1 , . . . , u k ), in addition to condition (1) and assumption C2, the sufficient condition is that the function θ → F (x; θ) is continuously differentiable on Θ for all x ∈ R. In this case, an inverse of the matrix
should be chosen as the weighting matrix to achieve the most efficient estimator from the class of estimators {θ A (u 1 , . . . , u k ) : A positive semidefinite}. The value θ 0 is unknown but GMM theory allows us to use the consistent estimator instead (see e.g. [7] ). If we compute the matrix V k we can see that it has a nice form: 3
At the end of this section, we conclude that the estimatorθ A (u 1 , . . . , u k ) is consistent with the right choice of (u 1 , . . . , u k ) for each positive definite non-stochastic matrix A. In the case of a continuously differentiable distribution function with respect to the parameter, the estimator will also be asymptotically normal with the asymptotic covariance matrix that can be easily calculated.
Numerical experiments and discussion
In this section, we present results of some numerical experiments to compare the performance of the introduced class of estimators and other estimators with respect to their observed biases and mean squared errors (MSE). We compute the average estimates, observed MSE and bias over replications of IID samples for different sample sizes. All numerical computations were carried out with R. Optimizations in all cases were done by the procedures optim() or nlm() depending on the function to be optimized.
For the purpose of comparison withθ A , we choose the maximum likelihood estimator and two typical estimators based on the empirical distribution used in the literature: the goodness-of-fit estimators with the Cramer-von Mises statistic and with the Anderson-Darling statistic ( [11, 13] ).
Weighting matrices
For simulations we have chosen three different forms of the weighting matrix: I, V −1 n and W −1 n . Here, I is an identity matrix,V −1 n stands for the inverse of the matrix V n defined in (2) and evaluated in the consistent estimator of θ. W −1 n is an inverse of the diagonal matrix with diagonal elements which consistently estimate the diagonal elements from V n . The case with A = I corresponds to the LS estimator from Section 2, so we call this estimator the least squares estimator and denote it byθ LS . If we use the matrixV −1 n , we get the estimator that corresponds to the generalized least squares approach from Section 2, so we call it the generalized least square estimator and denote it byθ GLS . The case with the matrix W −1 n corresponds to the method usually called the weighted least squares so we denote this estimator byθ W LS .
We simulated random samples only for absolutely continuous distributions and used the ordered sample as (u 1 , . . . , u n ). To be able to discuss efficiency we chose only those distributions that satisfy assumption E1. As the LS estimator was consistent for our data, we use LS estimation to compute matricesV −1 n and W −1 n for GLS and WLS estimations.
Exponential distribution
To illustrate a quality level we can get by means of the introduced estimator θ A and a wise choice of the matrix A we simulated random samples from the exponential distribution, F (x; θ) = 1 − e − x θ , x > 0. It is known for this distribution that the maximum likelihood estimator is the sample mean (θ M L =X n ), it is unbiased and its variance attains the Cramér-Rao lower bound (it is fully efficient), i.e., the best we can expect for the estimator in the mean square error sense. We found out that the value of the parameter does not influence the rating of estimators significantly, so we present and discuss only the results for θ = 2.
For the exponential distribution the weighting matrices for GLS and WLS estimation are computed as the inverse of
respectively, evaluated at LS estimation.
84
M. Benšić
To compute estimates for the asymptotic covariance matrix of the LS, WLS and GLS estimators we used the expression:
where A n stands for the inverse of the chosen matrix (I, W n or V n ) evaluated at the estimated parameter value,
. .
(also evaluated at the estimated parameter value). For the LS and GLS estimators this expression can be simplified so we used expressions
and Figure 8 shows these values relative to theθ M L variance for different sample sizes. The results confirm our expectation founded on the theory, i.e. the values for the LS and WLS variances are always greater than the values for the GLS variances regardless of the sample dimension. Besides, the values for the GLS variances are really close to the ML variances especially for large sample sizes.
The observed mean square errors and biases over 1000 replications are shown in Table 2 for all estimators. Figure 8 presents the observed MSE relative to the observed MSE of the ML estimator and biases for all estimators. Regarding MSE we can notice similarities in behavior for pairs of estimators: LS and CM, WLS and AD, GLS and ML, especially for large sample sizes. It is important to point out that the GLS estimator attained MSE level of the best possible estimator for the assumed distribution and large sample sizes.
Generalized Rayleigh distribution
J.G. Surles, W.J. Padgett in [17] proposed the two-parameter Burr Type X distribution:
and named it the generalized Rayleigh distribution. They observed that it can be used quite effectively in modeling strength data and also general lifetime data.
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Different properties of the generalized Rayleigh distribution are summarized in [9] . For α ≤ 0.5 it has a decreasing density function. Otherwise, its density is unimodal. In [8] , different estimation procedures are used to estimate the unknown parameters and their performances are compared by simulations. It is shown that, regarding MSE, the ML estimator can be outperformed by other estimators. Here we compare the behavior of LS, WLS, GLS, AD, CM and ML estimators applied to this distribution. An average estimate, the observed MSE and bias are computed over 500 replications for different sample sizes. The parameter λ is a scale parameter and its value does not influence the rating among estimators significantly but the value of the shape parameter α does. So, we present results for λ = 1 and different shape values. Average estimates for theoretical variances of LS, WLS and GLS estimators are also computed and compared with the theoretical variance of the ML estimator.
All matrices and estimations are computed analogously to the procedure presented in Subsection 6.2. As a starting point for the ML and LS estimations we used α 0 = 0.5 for decreasing densities and α = 1 for unimodal densities. The value for λ 0 was then calculated from the equation
, evaluated at the sample median. As a starting point for the WLS and GLS estimations we usedθ LS . We believe this is reasonable as the same value is used for calculation of the weighting matrices for these methods. Average estimates of asymptotic variances and different shape values for n = 30 and n = 500 are presented in Table 3 and in Table 4 , respectively. Figure 8 shows average estimates of asymptotic variances computed relatively to the maximum likelihood variance for n = 500. These results confirm our expectations. The GLS estimator has the smallest variance in comparison with LS and WLS estimators but greater than the ML asymptotic variance for all shape values. In addition to that, values of the asymptotic variances for the GLS estimator are really close to the values of the asymptotic variances for the ML estimator if the sample size is large enough.
Average parameter estimates and the observed MSEs for n = 30 and different shape values are presented in Table 5 . For n = 500, results are summarized in Table 6 . Figure 8 shows average observed bias calculated relatively to the true parameter value for n = 500 and Figure 8 shows the average observed MSE calculated relatively to the true parameter value for different shape values. Here we can also notice similarities in the behavior of LS and CM estimators. Some similarities in the behavior of WLS and AD estimators are present in most cases on both sample sizes although not as consistently as for the exponential distri-M. Benšić bution. With respect to the pair of ML and GLS estimators we can notice, as for the exponential distribution, the different behavior in bias. While the ML estimator mostly overestimates parameter values, the GLS estimator mostly underestimates them with the exception of the estimation of λ if the α values are not large.
Concerning MSE, for small sample sizes WLS estimators outperform the ML estimator for α and in these cases the GLS mostly ranks second, i.e., it also mostly outperforms the MLE. However, for the estimation of λ, the MLE always has the smallest MSE. For large sample sizes, the MLE is always the best. What is important to notice here is that the MSE of the GLS estimator are not similar to the MSE of the ML estimator for large sample sizes. The WLS and AD estimators are better although the asymptotic variance of the GLS estimator is really small and close to the asymptotic variance of the ML estimator. It was shown in [3] that the similarities in MSEs between ML and GLS estimators are also present if the model function is the two-parameter Weibull and in some cases for the threeparameter Weibull model. It means that an increase in the parameter dimension cannot be the only reason for the aforementioned difference between GLS and ML mean square errors in the generalized Rayleigh model. While investigating why this happened, we found out that the differences in biases are one part of the problem but not the only one. The observed variances for the GLS estimator in this model are often greater than the theoretical variances. We have noticed the appearance of outliers in the set of GLS estimations caused by the fact that the GLS procedure has been most sensible to initial conditions.
Real data example
In this section, we apply the described estimation procedures on real data. In [12] , the data on failure and service times for a particular large aircraft model windshield are given. We fit the generalized Rayleigh distribution on the complete part of data, i.e., failure time data only. The obtained parameter values and the corresponding values of the Kolmogorov-Smirnov goodness of fit test statistics (GOF KS ) are shown in Table 7 . As it can be seen, all models are acceptable and the GLS estimation gives the smallest value of the Kolmogorov-Smirnov statistic.
Concluding remarks
It is not rare to find the LS or WLS method for parameter estimation in applications if the data come from independent observations on a random variable with a parametric distribution function. In doing so, an expression for the distribution function in its explicit or suitably transformed form is used as the model function and the empirical distribution (or its transformation which corresponds to the transformation of applied distribution function) as the response. Transformations are usually applied in order to linearize the model function in parameters to ease the calculation in optimization procedures. This paper introduces and analyzes the class of estimators that generalizes the mentioned LS and WLS approach when using the distribution function in its original form (mostly nonlinear in the parameters).
In this study sufficient conditions are given which assure consistency of the estimator if it belongs to the introduced class. The most efficient estimator from this class has also been identified. While analyzing consistency and asymptotic normality the GMM method has been applied with appropriate moment condition.
Our study confirms that the suggested class is reasonable for applications. The conditions that are sufficient for consistency in the IID random sample can be fulfilled easily. The exponential distribution case confirms that the type of the weighting matrix can be chosen such that the observed MSE is comparable to the observed MSE of the best possible estimator. However, the application to the generalized Rayleigh distribution illustrates that special attention should be paid to the sensitivity of numerical procedures if non-diagonal weighting matrices are used. It is also worth mentioning that computations of these estimators can be carried out with any software for nonlinear regression.
In addition, it is also important that the same class of estimators can be applied if we deal with random samples with identically distributed but not independent univariate margins in the case when the empirical distribution function is asymptotically normal. In that case, in order to discuss the efficiency of different estimators from the introduced class, the asymptotic covariance matrix of the empirical distribution function should be calculated and estimated consistently. 
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